
The very function of proof is not to prove the obvious in order to meet some sophisticated 
and purely professional standards and goals, but to prove what is not obvious.

—Morris Kline, in “Five Views of the ‘New Math’” (1965, p. 15)

T
his assertion is no doubt familiar to the many mathematics teachers who 
struggle to support their students’ developing understanding of proof as 
an essential element in investigations of mathematics. Perhaps the area of 
mathematics where the development of an understanding of proof is most 

challenging is algebra. Many students view proofs as explanations. Healy and Hoyles 
(2000), in a survey of high-attaining fourteen- and fifteen-year-old students in the 
United Kingdom, found that when discussing proof in algebra, “students preferred 
arguments that they could evaluate and that they found convincing and explanatory, 
preferences that excluded algebra” (p. 396). These students view proof as explana-
tory. Many students would agree with Kline’s suggestion that one does not need to 
prove what is obvious. How then can mathematics educators support the develop-
ment of student understanding of and appreciation for algebraic proof?

In the case of algebraic proof, analysis of student written work on tasks that 
demand generalization and explanation may yield insights into student use and 
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understanding of justifica-
tion and proof in algebra. 
These insights, in turn, may 
enable mathematics educa-
tors to develop instruction 
that supports and challenges 
student reasoning.

Here we explore student 
work in an effort to analyze 
how students respond to a 
task that requests an expla-
nation of why a numerical 
pattern is always true. To 
explore student approaches to algebraic proof 
and their use of explanations of various types, 
we analyzed twelfth-graders’ written work on a 
1996 National Assessment of Educational Prog-
ress (NAEP) mathematics assessment item (NCES 
1996). A large collection of student responses to 
NAEP items was made available to us through the 
efforts of the Indiana University NAEP Assessment 
Project (Brown and Clark 2006), the result of a tri-
age of student papers conducted in the late 1990s. 
This triage was the effort of one researcher who 
copied all the papers that provided a representative 
sample of written work available in the data bank. 

There is no way of knowing how many students 
produced similar work; however, it is relevant that 
more than one twelfth grader taking the NAEP 
examination in 1996 produced a paper similar to the 
ones discussed here. Note that only 1 percent of the 

twelfth graders who took the 
1996 NAEP test received full 
credit for their response to 
this item. Hence, we believe 
that each piece of work pro-
vides unique insights into 
what twelfth graders could be 
thinking when they respond 
to a similar test item. The 
item in figure 1 asks students 
to explain a general state-
ment regarding a pattern that 
results from squaring num-

bers with a 5 in the ones place.

STUDENT APPROACHES TO PROOF
We will focus on student constructions of explana-
tions, ranging from students’ use of examples to 
their more formal algebraic proofs. In considering 
student reasoning, we will share student work, 
discuss the nature of explanations provided, and 
draw inferences about the implications of student 
approaches to proof.

One category of student responses seemed to 
suggest that proof was not necessary, an interpreta-
tion possibly resulting from the problem’s word-
ing. One student responded, “It’s a fact. What is 
there to prove?” This student and others who gave 
responses of this type seemed to view the state-
ment as self-evident. Thus, they responded, as 
Kline (Moise et al. 1965) noted, that there was no 
need for proof. For students who interpreted the 
statement as self-evident, the request for a proof 
was likely quite confusing. These students did not 
behave as mathematicians might but instead may 
have assumed that a number pattern illustrated in 
three examples had already been verified.

Other student work included generating a single 
example or multiple examples to explain the general 
statement in figure 1. Some students used the hint 
to generate examples not given in the item; they sub-
stituted values for n in the expression and generated 
a collection of values for (10n + 5)2. The intent of the 
hint was to suggest an algebraic approach to the proof 
of the statement, and yet, for these students, the hint 
seemed disconnected from the task of proving the 
statement. They used the hint to generate a larger 
collection of numerical examples and to use those 
examples as a form of justification. Whether the stu-
dents used one example or multiple examples to jus-
tify the numerical statement (see fig. 2), they were 
convinced that examples were sufficient to explain 
what was happening in the statement. Several stu-
dents explicitly restated the claim in the problem 
statement and focused on given and self-generated 
examples, an approach that they believed thoroughly 
explained the more or less obvious statement.

Fig. 1  students were asked to prove a statement in a test item taken from the 

twelfth-grade NaeP (1996).

Fig. 2  some students used examples as justification.
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The student work in figure 3 also contained 
examples, but here the type of numbers that the stu-
dent generated intrigued us. The exploration of the 
problem statement with “large” numbers seemed to 
support the validity of the claim. Justifications made 
with examples are not considered proofs, no mat-
ter how large the numbers might be; however, we 
share this example because it is consistent with our 
understanding of student thinking about numbers. 

In developing an understanding of number and 
operations, students may be able to compute quite 
fluently with numbers from a limited domain but may 
encounter difficulty when the order of magnitude 
of the numbers is changed. For example, a student 
may easily be able to find the number of tens in one 
hundred but may pause and think about the number 
of thousands in a million. The mystique of larger 
numbers might encourage students to view them as 
somehow more powerful examples of the veracity of 
a claim. We contend that the student whose work is 
shown in figure 3 believes that if an obvious claim 
works for really large numbers, then the claim is true. 
Thus, to justify such a claim, he or she must simply 
verify the claim for a few larger numbers.

Some students manipulated the hint and yet 
seemed to have lost sight of what the item asked 
for. Such responses seem to stem from an under-
standing of algebra as described by a ninth-grade 
student in a first-year algebra class: “Algebra con-
sists of variables, inequalities, and different formu-
las.” When algebra is viewed as memorizing tech-
niques and mechanically manipulating algorithms, 
students may believe that algebraic expressions 
should be “solved.” This approach is illustrated in 
figures 4 and 5. The work of both students sug-
gested to us that an equals sign was inserted, the 
expression was thought to be equal to zero, and 
then the resulting equation was interpreted as “an 
instruction to carry out the preceding calculations” 
(Carpenter, Franke, and Levi 2003, p. 22). For 
these students, the hint became the problem. Their 
interpretation of the task was to create and solve an 
equation rather than prove the statement.

Students who approached the hint as an equa-
tion demonstrated mixed success with binomial 
expansion. In some cases (see fig. 4), students 
appeared to distribute the exponent to each term of 
the binomial. The work in figure 4 also suggests 
that this student (and no doubt other twelfth grad-
ers) still believe that the exponent applies only to 
one factor in the first term of the binomial. This 
student seems to be focused on carrying out proce-
dures rather than understanding the role of each 
numeral and variable in the expression. 

Other students (see fig. 5) correctly squared the 
binomial, thus illustrating procedural competence, 
but still lost sight of the task described in the item. 

Their solution path became one of solving an equa-
tion and finding a value for what they viewed as the 
unknown, n. The work of these students suggests 
that the presence of an expression prompts them to 
apply algebraic techniques and, further, that devel-
oping skill with algebraic manipulations may be a 
challenge for some students and may not be con-
nected to conceptual understanding of binomials.

As the student work in figure 6 illustrates, a 
student can struggle with the binomial expansion 
and still attend to the demand for an explanation. 
This student’s work illustrates that a student may 
not have procedural competence but may be able 

Fig. 3  other students argued that the pattern continued 

for larger numbers.

Fig. 4  failing to use the binomial expansion was a common 

error.

Fig. 5  correct use of the binomial theorem did not necessarily imply a successful proof.
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to recognize an expression 
that appears to “explain” 
the statement. Students 
whose algebraic manipula-
tion conveniently resulted in 
something of the form 100n + 
25, or some variation of this 
expression, seemed convinced 
that the justification was 
complete. Perhaps these stu-
dents knew that they should use the hint (because 
it appeared in the question) and realized that the 
result of squaring the binomial should then provide 
a plausible justification for the problem statement.

Several students used the hint and justified the 
statement correctly, solving the problem as the item 
developers might have expected. They correctly 
manipulated the algebraic expression in the hint, 
connected the examples with the expression, and 
generalized for all numbers (see fig. 7).

The student whose work is shown in figure 7 
seems quite comfortable with the binomial expan-
sion and the implications of what the new expres-
sion can reveal. The student’s explanation of the 
expression 100n2 + 100n + 25—“putting any # 
in for n will always result in a number ending in 
25”—suggests that the student views the expression 
as a set of numbers that can be generated by replac-
ing n with different values. He or she then sub-
stitutes 5 for n and finds one more case in which 

the answer ends in 25. The 
student’s articulation of the 
generalization represented by 
the binomial expansion was 
significant to us and seemed 
different from other cases 
where the students left out 
the explanation of the expres-
sion and jumped straight into 
generating a new example. 

In these latter cases, we contend that the students 
provided little evidence that they understood what 
the binomial expansion of (10n + 5)2 actually repre-
sented for this problem’s solution.

Our sample revealed that some students tried 
to find patterns in the multiplication of the num-
bers (see fig. 8). By delving into the problem and 
exploring the given examples as well as additional 
ones, these students found patterns in the inner 
workings of the multiplication algorithm. They 
found two different ways in which the 25 emerges 
at the “end” of the number, exploring cases in 
which the tens digit in the multiplicand is odd as 
well as those in which the tens digit is even. The 
student who produced the work presented in  
figure 8 clearly states that he or she has found only 
two ways of producing the 2 in the tens place. This 
direction and subsequent observation contradicted 
that of many other students, who claimed that the 
25 came from “the 5 squared.”

The students who identified the role of the tens 
digit were on their way to finding that in using the 
algorithm, the 2 in the 25 is the result of squaring 
5 when the tens digits in the multiplicand is even, 
but when the tens digit is odd, the 2 results from 
adding 5 tens and 7 tens. In fact, some students 
were explicit in making this claim. We contend 
that these students are moving toward understand-
ing the role of generalizing from patterns. They 
noticed a pattern in the numerical examples and 
searched for a pattern in the algorithm to try to 
understand why the numerical pattern may, in 
fact, be true. For these students, the examples 
alone do not justify the statement; they are search-
ing for some commonality among the examples 
that may explain the results. We can infer that 
their strategies for understanding and explaining 
the examples include an effort to generalize from 
patterns found in the examples.

The solution in figure 8 illustrates a signifi-
cant commitment to solving the problem. Students 
who generated such solutions seemed intrigued 
by the mathematical curiosity in the behavior of 
the numbers and created an investigation to better 
understand the patterns. These students’ approach 
illustrates what one might consider the work of a 
mathematician. An intriguing yet elusive problem is 

Fig. 6  this student used the hint, and a seemingly plausible justification emerged.

Fig. 7  an algebraic proof justified the statement in this example of student work.
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identified, an investigation is crafted to unearth fur-
ther evidence, and steps toward a solution are taken.

Finally, one student explained the statement by 
using a “trick.” The student illustrated the trick for 
one number but did not generalize for all the num-
bers (see figs. 9a and 9b). This interesting result 
could easily be used by the teacher to further engage 
students in a productive exploration of patterns 
but, most important, to create a viable mathematical 
justification for the trick itself and why it works. 
Later we will provide a geometric illustration of the 
square of a binomial (see fig. 10) and how it might 
be used as a foundation for students to understand 
why the trick works for any case.

For some students, the hint did not facilitate their 
thinking. In fact, it may have been more of a distrac-
tion, particularly for students who interpreted the 
hint as an equation to be solved. Students for whom 
the connection between the hint and the question was 
not obvious were also hindered by its inclusion in the 
item. Our findings confirm those of Healy and Hoyles 
(2000) in that the majority of students in our sample 
tended to build explanations by using numerical 
examples and did not turn to the algebra to provide an 
algebraic proof of the given statement. 

INSIGHTS
The evidence seems to suggest that, for many stu-
dents, providing an example, a collection of exam-
ples, or a partial explanation satisfies the question 
posed, even though the intent of the item designers 
was that students prove the mathematical gener-
alization. Few students interpreted the request for 
an explanation as a request for a justification that 
involved at least some components of an algebraic 
proof. Even fewer produced a full algebraic proof. 
The data suggest that students need a much more 
robust vision of the role of proofs in supporting 
mathematical activity, making connections between 
mathematical ideas, and communicating findings. 
Students seem to have a limited repertoire of meth-
ods to use for proving those statements.

Our analysis also seems to indicate a need for 
teachers to spend time with students in building an 
understanding of what counts as a proof and a jus-
tification. Students seem to have little experience in 
using algebra to describe an arithmetical pattern and 
then prove its generalization. So much instructional 
time is spent on the techniques of algebra, we con-
tend, that students are unable to use the algebra for 
justification and proof. They may even be unaware 
that algebra can be useful in those situations.

BASING INSTRUCTION ON STUDENT WORK
The student work analyzed here illustrates the many 
types of student thinking that may be elicited when a 
task demands algebraic proof. Our goal is to describe 

an instructional sequence that could prompt conver-
sation among students whose approaches differ as 
much as those in the sample work.

The data suggest the difficulties a teacher might 
face in trying to motivate students to justify their 
arguments. Although mathematical arguments dif-
fer from arguments used in everyday contexts and 
conversation, they are similar in one respect: Both 
are used to communicate and to convince. Items 
like the one shared here can be used to begin an 
ongoing discussion about what might constitute 
proof in a classroom community. 

Fig. 8  other students found patterns in the multiplication.

Fig. 9  this student introduced a trick for finding the answer (a) and then gave an 

example illustrating the trick (b). 

 (a) (b)

Fig. 10  using a geometric model for the algebraic expres-

sion (10n + 5)2 can help students.
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can connect these statements. 
The distributive property, 
for example, is one way to do 
so. Naming and discussing 
this property will help lay the 
groundwork for the use of 
such tools in algebraic proofs. 
In addition, for students who 
squared each term in the alge-
braic expression, the model 

might support a reconsideration of the squaring 
operation, thus explaining the appearance of four 
partial products in the solution (i.e., the result of 
“foiling,” used inappropriately by so many students).

3. Using a Generalization
After working with specific examples, students 
could be asked to investigate the general geomet-
ric representation provided in figure 10. Again, 
they can be asked to write equivalent expressions 
representing the area of the total rectangle. Discus-
sion should focus on the properties used in the 
investigation of examples to highlight the fact that 
the same tools are useful in generality. Finally, to 
explore shifts in student thinking that have resulted 
from instruction, the trick in figure 9 could be 
posed as a challenge. The figure reveals that for any 
n, there will be 100n2 +100n (from the sum of the 
areas of the square of side 10n and the area of the 
two rectangles that are each 50n). This realization, 
along with a discussion of the distributive property, 
is critical to understanding that (n + 1)n always 
produces the number of hundreds in the answer 
(i.e., the trick). Asking students to prove or dis-
prove the trick will allow them to use the tools they 
have developed on a related problem (and may be 
easier than moving to a new problem context).

This instructional sequence, in which the geo-
metric model can be used to discuss various student 
solutions, is but one option for teachers. The use of 
an area model to illustrate the square of binomials 
can be found in many algebra textbooks. Building on 
the geometric model, students can gain insights about 
the pattern and search for justifications and proofs 
that take into account the generalization of the pat-
tern. The goal is to support the development of stu-
dent understanding of one another’s work and move 
toward the use of proof as a tool in exploring connec-
tions, relationships, and the veracity of mathematical 
statements and in communicating their findings.

FINAL COMMENTS
The analysis of student written work is a way for 
teachers to understand how students approach a 
task, how they interpret it, and what knowledge they 
draw on in answering the questions or in solving the 

To encourage discussion of 
the very different approaches 
students might take to solve 
this problem and to build 
connections, teachers can 
use a geometric model that 
might encourage students to 
make sense of the algebraic 
expression given in the hint 
(see fig. 10). Whereas some 
students approached the justification by generating 
examples and others manipulated the hint, still oth-
ers engaged in investigations of number patterns or 
identified the hint as a representation of number. 
Our recommendation for the following instructional 
sequence is to launch discussions based on the stu-
dents’ explanations of their work. 

The geometric model will make sense to stu-
dents only if it is connected to student work and 
illustrates a particular way of thinking presented by 
students themselves. The geometric model is a tool 
for the teacher to help make student thinking more 
accessible to others, and in some cases the illustra-
tion will help students understand their own rea-
soning at a deeper level. To draw on the diversity 
of perspectives presented by students, we suggest 
the following instructional sequence: 

1. Unpacking the Multiplication Algorithm
For students who rely on examples and others who 
are disposed to explore patterns, using the geomet-
ric representation may motivate new insights or 
help students identify consistencies in computa-
tions. Using the geometric representation for cases 
when n is odd and n is even allows students to com-
pare the quantity of tens generated. 

Teachers might ask, “How many different ways 
can you square a number ending in 5 and generate 
a 2 in the tens place?” Students initially respond 
that there are many different ways. On investiga-
tion, however, students can see that a relationship 
exists between the tens digit and the sum of tens in 
the partial product. Teachers can ask students to 
make statements about the patterns that begin to lay 
the groundwork for generalizations. This approach 
makes use of examples but also supports extending 
this thinking to an investigation of patterns and the 
construction of general statements.

2. Linking the Algorithm to Algebra
Using the geometric representations for n = 1 and  
n = 2, teachers could ask students to finish the fol-
lowing mathematical statement in as many ways as 
possible by using this area model: 152 = ? From this 
question, students generate equivalent expressions, 
such as 100 + 50 + 50 + 25 and 10 × 10 + 5 × 10 + 10 
× 5 + 5 × 5. Students can then be asked whether they 
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task. Careful analysis of student work provides great 
insights into how students think, and reflections on 
these insights can help teachers make instructional 
decisions that will build on student understanding. 

We have given an example of the richness of 
information obtained regarding student thinking 
about justification and proof from the analysis of 
student responses to a NAEP item. From the analy-
sis, we conclude that students need a better under-
standing of what mathematical proofs are and how 
they can construct them. Planning instruction to bet-
ter support our students’ growing understanding of 
the nature of mathematical proofs must be grounded 
in student work and must begin with careful and 
thoughtful analysis of the work they produce.
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